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Let R be a nonunital ring. A left R-module M is said to be ﬁrm
if R ⊗R M → M given by r ⊗ m → rm is an isomorphism. The
category of ﬁrm left R-modules generalizes the usual category of
unital modules for a unital ring but it is not abelian in general.
In this paper we study the deﬁnition of exactness in the category of
ﬁrm modules, we prove that direct limits are exact if the category
is abelian and we also give an example of a ring in which direct
limits are not exact in this category.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let R be an associative ring (maybe without unit) that has a k-algebra structure for a commutative
ring with identity k. Of course this can always be done for k = Z, but in some cases it is useful to
consider another k. In this paper we are going to suppose that k is either a ﬁeld or Z.
Rˆ will denote the unital ring R × k with the sum componentwise and the product (r, z)(r′, z′) =
(rr′ +rz′ + zr′, zz′). The category of all left R-modules can be identiﬁed with the category of Rˆ-unitary
modules Rˆ-Mod [5, Proposition 8.29B]. The category Rˆ-Mod is therefore well behaved in terms of its
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J. González-Férez, L. Marín / Journal of Algebra 330 (2011) 298–313 299structure (it is a usual category of modules over a unital ring), but it reﬂects the properties of the
ring Rˆ more faithfully than the properties of R itself and, in fact, does not generalize the particular
case in which R has an identity.
One possible generalization, that was suggested by Daniel Quillen in [9], is the full subcategory
of Rˆ-Mod given by the left Rˆ-modules M such that R ⊗R M  M with the canonical homomorphism.
Such modules are called (left) ﬁrm modules. The full subcategory of Rˆ-Mod given by ﬁrm modules is
the only one that will be used in this paper, and it will be denoted R-Mod.
The category R-Mod seems to generalize the unital case rather well, but it was asked in [9] if this
was always an abelian category. This question was answered in [7] with an example of a monomor-
phism that was not a kernel. This proves that this category is not abelian in general, but in the unital
case the category is not only abelian, it is also Grothendieck, because direct limits are exact. The cat-
egory R-Mod is cocomplete (and also complete) and it is natural enough to ask for the exactness of
direct limits in the general case.
In this paper we prove that both problems are strongly connected, because R-Mod is a
Grothendieck category when R-Mod is abelian. This is proved in Theorem 12. As a consequence,
in Corollary 14 it is proved that R-Mod is abelian if and only if it is a quotient category, explicitly
given by the Gabriel–Popescu theorem.
The last section of the paper is devoted to ﬁnding an example in which direct limits are not
exact. This example is particularly important because it is a very natural ring, the commutative ring
of polynomials in two variables without independent term, R = xk[x, y]+ yk[x, y]. Using Theorem 12,
this is another example in which the category of ﬁrm modules is not abelian, but in this case we
have a projective generator of the category (this is proved in Proposition 15). It is proved in [9]
that projective generators are not always in the category of ﬁrm modules, even in cases in which
the category is abelian, therefore our example proves that the existence of projective generators is a
problem which is not related with abelianness.
In the unital case, the category is also locally ﬁnitely presented. In the general case it was proved
in [4, Corollary 6] that the category of ﬁrm modules was always locally κ-presentable for some big
enough regular cardinal κ . In this paper we prove that in fact κ can always be taken ℵ1. In general,
using [3], it was proved in [4, Section 3] that there are nonunital rings in which the category of ﬁrm
modules is not locally ﬁnitely presented, even in cases in which the category is abelian. We prove in
this paper that in that case the category has exact direct limits.
Finally, in order to reach all these results we have to check that some properties are satisﬁed
with the usual deﬁnition of exactness (remember that the category of ﬁrm modules is not abelian in
general). All these previous results are in Section 2.
In this paper, all modules will be left modules, and morphisms will be written opposite to scalars
(i.e. on the right) in Sections 2 and 3. In these sections, we will denote by ∗ the opposite operation to
the usual composition of morphisms ◦ in order to have the property ((m) f )g = (m)( f ∗ g). In the last
section the ring is commutative. Therefore, we will write morphisms with the more usual notation on
the left.
2. Deﬁnition of exactness
We are working in the categories R-Mod and Rˆ-Mod and diagrams in R-Mod can be considered also
in Rˆ-Mod using the canonical inclusion J : R-Mod → Rˆ-Mod. It will be usual to consider the objects of
R-Mod inside Rˆ-Mod without the explicit use of the functor J. We will use the notation Lim′ , Colim′ ,
p′i and q
′
i for the limit and colimit constructions (objects and induced morphisms) in the subcategory
R-Mod and we will reserve the notation Lim, Colim, pi and qi for the constructions in Rˆ-Mod.
The canonical inclusion J has a right adjoint D : Rˆ-Mod → R-Mod (see [8, Proposition 13(4)]). The
counit is νM : J ◦ D(M) → M . If we identify the modules of R-Mod in Rˆ-Mod, we can consider the
natural morphism νM : D(M) → M that is an isomorphism when M is ﬁrm. An Rˆ-module N will be
called R-unitary when RN = N and vanishing if the only R-unitary submodule of it is 0. The sum
of all R-unitary submodules of a module M will be called its R-unitary part and denoted U(M). The
image of νM is precisely U(M). See [8, Proposition 13(1)] for details.
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(1) J(Colim′(M)) = Colim(J ◦ M), or Colim′(M) = Colim(M) if we identify the objects of R-Mod with them-
selves in Rˆ-Mod. In this case q′j = q j for all j ∈J .
(2) Lim′(M) = D(Lim(J ◦ M)), i.e., Lim′(M) = D(Lim(M)). In this case, p′j = D(p j)∗νM j = νLim(M) ∗ p j (this
equality is because ν is a natural transformation).
Proof. The functor D is the right adjoint of J, therefore D preserves limits and J preserves colimits.
As a direct consequence we get (1). In order to prove (2) consider
D
(
Lim(J ◦ M))= Lim′(D ◦ J ◦ M) = Lim′(M)
because Mi ∈ R-Mod and then D ◦ J(Mi) = Mi for all i ∈J . 
This result applied to the particular case of kernels and cokernels is as follows:
Corollary 2. Let f : M → N be a morphism in R-Mod, then
(1) Coker′( f ) = Coker( f ) = N/ Im( f ) and coker′( f ) = coker( f ) : N → N/ Im( f ) is the canonical projec-
tion.
(2) Ker′( f ) = D(Ker( f )), ker′( f ) = D(ker( f )) ∗ νM = νKer( f ) ∗ ker( f ).
In [7], it is proved that the category of ﬁrm modules is not abelian in general. When we are
in abelian categories, the usual deﬁnition for exactness of the complex M• = · · · → Mi−1 di→ Mi di+1→
Mi+1 → ·· · at Mi is ker′(di+1) = ker′(coker′(di)) (see [11, Section IV.4]). In abelian categories, this
condition is equivalent to coker′(di) = coker′(ker′(di+1)). We are going to prove that in the category of
ﬁrm modules these two deﬁnitions are also equivalent (even in the case that R-Mod is not abelian).
To do so, we need the following:
Lemma 3. Let f : M → N be a morphism in R-Mod. Then
(1) coker′( f ) = coker′(ker′(coker′( f ))).
(2) ker′( f ) = ker′(coker′(ker′( f ))).
Proof. (1) We have seen that coker′( f ) = coker( f ) : N → N/ Im( f ). Therefore
ker′
(
coker′( f )
)= ker′(coker( f ))
= νIm( f ) ∗ ker
(
coker( f )
) : D(Im( f )) νIm( f )−→ Im( f ) ker(coker( f ))↪→ N
The module Im( f ) is R-unitary therefore νIm( f ) is surjective and then Im(ker′(coker′( f ))) = Im( f ). If
we compute again
coker′
(
ker′
(
coker′( f )
))= N → N/ Im(ker′(coker′( f )))= N → N/ Im( f ) = coker′( f )
(2) We know that the morphism ker′( f ) is
νKer( f ) ∗ ker( f ) : D
(
Ker( f )
) νKer( f )−→ Ker( f ) ker( f )↪→ M
If we compute its cokernel, coker′(ker′( f )) = coker(ker′( f )), we get
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because Im(νKer( f )) = U(Ker( f )). Let j : U(Ker( f )) ↪→ Ker( f ) be the inclusion. If we compute
again ker′(coker′(ker′( f ))) having in mind that Ker(M → M/U(Ker( f ))) = U(Ker( f )), we get that
ker′(coker′(ker′( f ))) is precisely
νU(Ker( f )) ∗ j ∗ ker( f ) : D
(
U
(
Ker( f )
)) νU(Ker( f ))−→ U(Ker( f )) j↪→ Ker( f ) ker( f )↪→ M
which is equal to
ker′( f ) = νKer( f ) ∗ ker( f ) : D
(
Ker( f )
) νKer( f )−→ Ker( f ) ker( f )↪→ M
because D( j) : D(U(Ker( f ))) → D(Ker( f )) is an isomorphism.
In order to prove the last claim, note that in the construction of the functor D given in [8, Sec-
tion 7] we see that Hom(G,U(Ker( f ))) = Hom(G,Ker( f )) because every morphism between G and
Ker( f ) has an R-unitary image (because it is a quotient of G) and so it will be always inside
U(Ker( f )). The morphisms ηU(Ker( f )) and ηKer( f ) have also the same kernel and therefore the R-unitary
part of this kernel will be the same. This makes D(U(Ker( f ))) = D(Ker( f )), or in other words, D( j) is
an isomorphism. 
Theorem 4. Let M• = · · · → Mi−1 di→ Mi di+1→ Mi+1 → ·· · be a complex in R-Mod. Then for all i ∈ Z,
coker′(di) = coker′(ker′(di+1)) if and only if ker′(di+1) = ker′(coker′(di)).
Proof. (⇐) Using ker′(di+1) = ker′(coker′(di)) and Lemma 3 we have that
coker′
(
ker′(di+1)
)= coker′(ker′(coker′(di)))= coker′(di)
(⇒) This proof is similar to the other direction, but using Lemma 3(2). 
In the category R-Mod, we can use the same deﬁnition of exactness given for abelian categories,
which is also symmetric in this case.
Deﬁnition 5. Let M• = · · · → Mi−1 di→ Mi di+1→ Mi+1 → ·· · be a complex in R-Mod (i.e., di ∗ di+1 = 0 for
all i). We will say that this complex is exact at Mi if it satisﬁes one of the following conditions (and
then the other):
(1) coker′(di) = coker′(ker′(di+1)).
(2) ker′(di+1) = ker′(coker′(di)).
We will say that the complex is exact if it is exact at Mi for all i ∈ Z.
With this deﬁnition of exactness, the following result characterizes short exact sequences:
Proposition 6. Consider the short sequence 0 → M f→ N g→ L → 0 in R-Mod. This sequence is exact if and
only if the sequence J(M)
J( f )→ J(N) J(g)→ J(L) → 0 is exact in Rˆ-Mod and U(Ker( f )) = 0.
Proof. Suppose ﬁrst that the sequence is exact. If we were in exact categories, using the adjointness
properties between J and D we could obtain the right exactness of the sequence in Rˆ-Mod, but we
want a general proof. Therefore, we will do it directly.
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phisms, we get
coker′(g) = coker(g) : L → L/ Im(g)
coker′
(
ker′(0 : L → 0))= coker′(idL) = 0 : L → 0
Therefore, the exactness at L implies L/ Im(g) = 0 and therefore g is surjective.
Once we know that g is surjective, we can apply [6, Proposition 8] and say that Ker(g) is R-unitary.
The exactness at N implies that coker′( f ) = coker′(ker′(g)) and computing explicitly these mor-
phisms we get
coker′( f ) = coker( f ) = N → N/ Im( f )
coker′
(
ker′(g)
)= coker(νKer(g) ∗ ker(g))
The module Ker(g) is R-unitary and then νKer(g) is surjective, therefore
coker
(
νKer(g) ∗ ker(g)
)= N → N/ Im(νKer(g) ∗ ker(g))= N → N/Ker(g)
The exactness at N implies that N → N/ Im( f ) = N → N/Ker(g) and therefore Im( f ) = Ker(g), but
this is the deﬁnition of exactness at J(N).
The exactness at M says that coker′(0 : 0 → M) = coker′(ker′( f )) and therefore the following mor-
phisms are the same
coker′(0 : 0 → M) = idM : M → M/0
coker′
(
ker′( f )
)= coker(νKer( f ) ∗ ker( f )) : M → M/ Im(νKer( f ) ∗ ker( f ))
The image of νKer( f ) ∗ ker( f ) : D(Ker( f )) → Ker( f ) ⊆ M is precisely Im(νKer( f )) = U(Ker( f )). Therefore,
the exactness at M implies U(Ker( f )) = 0.
To prove the converse, suppose now that the complex J(M)
J( f )→ J(N) J(g)→ J(L) → 0 is exact in the
category Rˆ-Mod and that U(Ker( f )) = 0.
The exactness of the sequence in Rˆ-Mod says that Im(g) = L and Ker(g) = Im( f ).
The exactness at L is true because
coker′(g) = coker(g) : L → L/ Im(g)
= 0 : L → 0= coker′(idL) = coker′
(
ker′(0 : L → 0))
The exactness at N is a consequence of
coker′
(
ker′(g)
)= coker(νKer(g) ∗ ker(g)) : N → N/U(Ker(g))
= coker′( f ) : N → N/ Im( f )
because U(Ker(g)) = Ker(g) = Im( f ).
The exactness at M is true because U(Ker( f )) = 0 and therefore νKer( f ) = 0 and
coker′
(
ker′( f )
)= coker(νKer( f ) ∗ ker( f ))
= coker(0 : D(Ker( f ))→ M) : M → M/0
= coker′(0 : 0→ M) 
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(1) a monomorphism if and only if ker′( f ) = 0;
(2) a kernel if and only if f = ker′(coker′( f )).
Proof. (1) It is proved in [7, Proposition 6] that f is a monomorphism if and only if Ker( f ) is vanish-
ing (i.e. the R-unitary part is 0), and this is equivalent to ker′( f ) = 0 because
ker′( f ) = νKer( f ) ∗ ker( f ) : D
(
Ker( f )
)→ Ker( f ) ↪→ N
and this morphism is 0 if and only if D(Ker( f )) = 0, a condition that is equivalent to U(Ker( f )) = 0.
(2) It is proved in [7, Proposition 2] that f is a kernel if and only if it is the kernel of p : N →
N/ Im( f ), but this is precisely coker′( f ). 
3. Direct limits and abelianness
Let J be a small category and let Fun(J , R-Mod) be the category of functors and natural trans-
formations. The category R-Mod is complete and cocomplete (see [8, Proposition 14]) therefore
Fun(J , R-Mod) is also complete and cocomplete (see [10, Theorem 7.5.2] and [10, 8.5.1]) computing
limits and colimits at each point. The category Fun(J , R-Mod) can be considered as a full subcategory
of Fun(J , Rˆ-Mod) and we will use the symbol (−)′ to denote limits and colimits in Fun(J , R-Mod)
and without it for limits and colimits in Fun(J , Rˆ-Mod).
In both cases, colimits and limits are computed pointwise, therefore the formulas that relate limits
and colimits between Fun(J , R-Mod) and Fun(J , Rˆ-Mod) are pointwise the same as between R-Mod
and Rˆ-Mod.
A morphism n : N → M in Fun(J , R-Mod), is a monomorphism if and only if ni : Ni → Mi is a
monomorphism in R-Mod for all i ∈J because of [2, Corollary 2.15.3].
We can extend the deﬁnition of exactness to Fun(J , R-Mod) from the deﬁnition in R-Mod. The
epi+mono decompositions made in R-Mod are also extended to Fun(J , R-Mod) pointwise.
Colimits in R-Mod are the same as colimits in Rˆ-Mod, therefore the functor Colim is the same as
Colim′ and preserves right exact sequences.
One of the conditions that deﬁnes Grothendieck categories is that lim−→ is an exact functor. This
functor is a particular case of Colim, therefore it is right exact. Therefore, lim−→ would be exact if
monomorphisms in Fun(J , R-Mod) go to monomorphisms in R-Mod for any ﬁltered category J . But
in general, we are going to prove that this is not true.
In this section we will use the family of generators of R-Mod given by modules associated to
unitary supports. This constructions can be seen in [8], although we will use the notations given
in [7].
Proposition 8. The modules {〈〈σ 〉〉: σ ∈ ΞU(X)} are a strong generating family in the category R-Mod.
Proof. Following [1, p. 2], we have to prove that for any proper monomorphism μ : M → K in R-Mod,
there exists a morphism h : 〈〈σ 〉〉 → K that cannot factor through M .
Let μ : M → K be a proper morphism. The category R-Mod is balanced, therefore if μ were sur-
jective, it would be an isomorphism. This proves that μ is not a surjective map and we can ﬁnd k ∈ K
such that k /∈ Im(μ). For this element k, and using [7, Proposition 5], we can ﬁnd a unitary support
σ and h : 〈〈σ 〉〉 → K such that (〈1〉σ )h = k. This morphism h cannot be factored though M because
k /∈ Im(h) ⊆ Im(μ). 
A characterization is given in [3] of when R-Mod is locally ﬁnitely generated for the case R is an
idempotent ring. An example of ring R is also given such that R-Mod is not locally ﬁnitely generated.
Following [1, p. 54], R-Mod is not locally ﬁnitely presented for this ring.
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Proof. If we prove that the modules 〈〈σ 〉〉 are ℵ1-presented, the family of strong generating modules
{〈〈σ 〉〉: σ ∈ ΞU(X)} would satisfy the conditions of [1, Theorem 1.20] and therefore R-Mod would be
locally ℵ1-presented.
The modules 〈〈σ 〉〉 are ℵ1-presented in Rˆ-Mod because they are deﬁned as a colimit of a countable
quantity of objects and morphisms, 〈〈σ 〉〉 = lim−→ n∈N Rˆ(σ∩X
n) , and then, using [1, Proposition 1.16] we
conclude that Hom(〈〈σ 〉〉,−) commutes with ℵ1-directed colimits in Rˆ-Mod. But colimits in R-Mod
are a particular case of colimits in Rˆ-Mod, so Hom(〈〈σ 〉〉,−) commutes with ℵ1-directed colimits in
R-Mod. 
In the following, we will use the symbol lim−→ instead of lim−→ i∈J when the small ﬁltered categoryJ is clear.
Theorem 10. If J is a small ℵ1-directed category, and n : N → M is a monomorphism in Fun(J , R-Mod) (i.e.
ni is a monomorphism for all i ∈J ), then lim−→ ni : lim−→ Ni → lim−→ Mi is a monomorphism.
Proof. Consider the left exact sequences in Rˆ-Mod, 0 → Ker(ni) → Ni → Mi and apply the (exact in
Rˆ-Mod) functor lim−→ . This proves that the kernel of lim−→ ni : lim−→ Ni → lim−→ Mi is precisely lim−→ Ker(ni).
We have to prove that this module is vanishing.
Let u ∈ U(lim−→ Ker(ni)) and take f : 〈〈σ 〉〉 → U(lim−→ Ker(ni)) such that (〈1〉σ ) f = u. Let j :
U(lim−→ Ker(ni)) → lim−→ Ker(ni) be the canonical inclusion. The module 〈〈σ 〉〉 is ℵ1-presented in Rˆ-Mod,
therefore f ∗ j ∈ Hom(〈〈σ 〉〉, lim−→ Ker(ni)) = lim−→ Hom(〈〈σ 〉〉,Ker(ni)) = 0 and then f ∗ j = 0 and f = 0.
This proves that u = 0 and therefore U(lim−→ Ker(ni)) = 0. 
Theorem 11. If the category R-Mod is locally ﬁnitely presented, so direct limits are exact in R-Mod.
Proof. Let Uλ be the family of strong generators ﬁnitely presented and consider J a small ﬁltered
category, N,M ∈ Fun(J , R-Mod) and n : N → M such that ni is a monomorphism for all i ∈ J .
We have to prove that lim−→ ni : lim−→ Ni → lim−→ Mi is a monomorphism.
For all i ∈J we have the following exact sequence in Rˆ-Mod,
0→ Ker(ni) → Ni → Mi
For all λ and all i, Hom(Uλ,Ker(ni)) = 0 because ni is a monomorphism. Then we have the following
diagram
lim−→ Hom(Uλ,Ni)
μ
lim−→ Hom(Uλ,Mi)
0 Hom(Uλ, lim−→ Ker(ni)) Hom(Uλ, lim−→ Ni)
μ′
Hom(Uλ, lim−→ Mi)
The upper row is a direct limit of k-monomorphisms (and therefore injective maps), then μ is an
injective map. Vertical maps are isomorphism because Uλ is ﬁnitely presented and the lower row is
exact, but μ′ is the composition of a monomorphism with isomorphisms, and so it is a monomor-
phism, therefore Hom(Uλ, lim Ker(ni)) = 0 for all Uλ and so the module is vanishing. −→
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category J , the functor lim−→ : Fun(J , R-Mod) → R-Mod preserves monomorphisms and kernels.
Proof. Monomorphisms and kernels are the same thing because R-Mod is abelian. Therefore we will
only prove that lim−→ preserves monomorphisms.
Let M,N : J → R-Mod be in Fun(J , R-Mod) and ϕ : M → N be a monomorphism, i.e. ϕi is a
monomorphism for all i ∈J . We have to prove that lim−→ ϕi is a monomorphism.
We are going to denote by K the functor Ker(ϕ) (i.e., Ki = Ker(ϕi) for all i ∈ J ). For the functor
M : J → R-Mod, we are going to denote πM :∐i∈J Mi → lim−→ Mi and in a similar way, we will do it
for the functors K and N . These maps are epimorphisms in the case of M and N , and therefore their
kernels are unitary because they are epimorphisms between ﬁrm modules. We have the following
diagram in Rˆ-Mod, in which we use the notation g =∐ϕi , f = ker(g), g′ = lim−→ ϕi , f ′ = ker(g′) and
g◦ , f ◦ are the induced morphisms between the kernels of πK , πN and πM that are precisely the
restrictions of g and f :
0 0 0
0 Ker(πK )
f ◦
ker(πK )
Ker(πM)
g◦
ker(πM )
Ker(πN)
ker(πN )
0
∐
Ki
f
πK
∐
Mi
g
πM
∐
Ni
πN
0 lim−→ Ki
f ′
lim−→ Mi
g′
lim−→ Ni
0 0 0
In this commutative diagram all the rows and columns are exact in Rˆ-Mod.
For all i ∈J , Ki is vanishing, therefore ∐ Ki is vanishing and Ker(πK ) is also vanishing because it
is a submodule of
∐
Ki . The modules Ker(πM) and Ker(πN ) are R-unitary.
We are going to prove that Im(g)∩Ker(πN ) ⊆ Im(g◦). To do so, let n ∈ Im(g)∩Ker(πN ). On the one
hand, n ∈ Im(g) therefore we can ﬁnd m ∈∐Mi such that n = (m)g . On the other hand, n ∈ Ker(πN ),
then (n)πN = 0 and (m)πM ∗ g′ = (m)g ∗πN = 0. This proves that (m)πM ∈ Ker(g′) = Im( f ′) and since
πK is surjective, we can ﬁnd k ∈∐ Ki such that (k)πK ∗ f ′ = (m)πM .
Bearing in mind that (k)πK ∗ f ′ = (m)πM and (k)πK ∗ f ′ = (k) f ∗ πM we get (m − (k) f )πM = 0
and this means m − (k) f ∈ Ker(πM). But then,
(
m − (k) f )g◦ = (m − (k) f )g = (m)g − (k) f ∗ g = (m)g = n
and therefore n ∈ Im(g◦) as we claimed.
We are going to prove now that lim−→ Ki is vanishing, which would prove that g
′ is a monomor-
phism. Suppose this is not true and U(lim−→ Ki) = 0, then we can ﬁnd a unitary support σ and a
homomorphism u : 〈〈σ 〉〉 → lim Ki such that (〈1〉σ )u = 0. Then we have the following diagram:−→
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〈〈σ 〉〉
u
0 Ker(πK )
f ◦
ker(πK )
Ker(πM)
g◦
ker(πM )
Ker(πN)
ker(πN )
0
∐
Ki
f
πK
∐
Mi
g
πM
∐
Ni
πN
0 lim−→ Ki
f ′
lim−→ Mi
g′
lim−→ Ni
0 0 0
Consider the morphism u ∗ f ′ : 〈〈σ 〉〉 → lim−→ Mi . We can apply [7, Lemma 10] to the epimorphism
πM between ﬁrm modules and ﬁnd a unitary support ρ ⊇ σ and a morphism v : 〈〈ρ〉〉 →∐Mi such
that v ∗ πM = Φρσ ∗ u ∗ f ′ . Then we have the following commutative diagram:
〈〈ρ〉〉
Φρσ
v
0 0 0
〈〈σ 〉〉
u
0 Ker(πK )
f ◦
ker(πK )
Ker(πM)
g◦
ker(πM )
Ker(πN)
ker(πN )
0
∐
Ki
f
πK
∐
Mi
g
πM
∐
Ni
πN
0 lim−→ Ki
f ′
lim−→ Mi
g′
lim−→ Ni
0 0 0
Using the commutativity of the previous diagram, we get
v ∗ g ∗ πN = v ∗ πM ∗ g′ = Φρσ ∗ u ∗ f ′ ∗ g′ = 0
because f ′ ∗ g′ = 0. Then Im(v ∗ g) ⊆ Ker(πN ), but we also know that Im(v ∗ g) ⊆ Im(g) therefore
Im(v ∗ g) ⊆ Im(g) ∩ Ker(πN ) and this is contained in Im(g◦).
The module Ker(πM) is the kernel of an epimorphism between ﬁrm modules. Therefore, it is R-
unitary and we can consider the epimorphism νKer(πM ) : D(Ker(πM)) → Ker(πM). But D(Ker(πM)) =
Ker′(πM) and the morphism νKer(πM ) ∗ ker(πM) is precisely ker′(πM). Therefore, it is a kernel and a
monomorphism in R-Mod. On the other hand, g :∐Mi →∐Ni is a morphism between ﬁrm modules
with vanishing kernel. This proves that g is a monomorphism in R-Mod. The composition of the
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because we are in an abelian category.
The image of the morphism ker′(πM)∗ g = νKer(πM )∗ker(πM)∗ g = νKer(πM )∗ g◦ ∗ker(πN ) is the same
as the image of g◦ because νKer(πM ) is surjective and ker(πN ) is an injective map. As we have proved
previously, the morphism v ∗ g has its image contained in Im(g◦), which is precisely Im(ker′(πM) ∗ g)
and using that ker′(πM) ∗ g is a kernel, we can ﬁnd a morphism w : 〈〈ρ〉〉 → D(Ker(πM)) such that
w ∗ νKer(πM ) ∗ g◦ ∗ ker(πN ) = v ∗ g . This means that we have the following diagram:
D(Ker(πM))
νKer(πM )
〈〈ρ〉〉
Φρσ
v
w
0 0 0
〈〈σ 〉〉
u
0 Ker(πK )
f ◦
ker(πK )
Ker(πM)
g◦
ker(πM )
Ker(πN)
ker(πN )
0
∐
Ki
f
πK
∐
Mi
g
πM
∐
Ni
πN
0 lim−→ Ki
f ′
lim−→ Mi
g′
lim−→ Ni
0 0 0
We know that w ∗ νKer(πM ) ∗ ker(πM) ∗ g = v ∗ g therefore (w ∗ νKer(πM ) ∗ ker(πM) − v) ∗ g = 0, but
g is a monomorphism in R-Mod, therefore w ∗ νKer(πM ) ∗ ker(πM) = v .
Now we have that
Φρσ ∗ u ∗ f ′ = v ∗ πM = w ∗ νKer(πM ) ∗ ker(πM) ∗ πM = 0
but f ′ is injective and Φρσ surjective, therefore u = 0, and this is a contradiction. 
Corollary 13. Let R be a ring such that the category R-Mod is abelian. Then R-Mod is Grothendieck.
Proof. With the previous theorem, if R-Mod is abelian, direct limits are exact and then R-Mod satisﬁes
all the properties for being Grothendieck. 
Corollary 14. Let R be a nonunital ring, G a generator of the category R-Mod, E its endomorphism ring and G
the smallest Gabriel ﬁlter such that HomR(G,M) is G-closed for all M in R-Mod. Then R-Mod is abelian if and
only if HomR(G,−) : R-Mod → (E,G)-Mod is a category equivalence.
Proof. If R-Mod is abelian, then it is Grothendieck and we can apply the Gabriel–Popescu theorem to
say that HomR(G,−) : R-Mod → (E,G)-Mod is a category equivalence (see [11, Theorem X.4.1]).
Conversely, HomR(G,−) : R-Mod → (E,G)-Mod is a category equivalence, then R-Mod is abelian
because it is equivalent to an abelian category. 
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In this section we are going to build a ring R and a direct system of monomorphisms in the
category of ﬁrm modules over R such that its direct limit is not a monomorphism. As a conse-
quence, the category of ﬁrm modules for this ring is not abelian. In this case, the category has
a projective generator and this proves that the existence of projective generators does not imply
abelianness.
Let k be a ﬁeld or the ring of integers Z. We are going to denote k[x0, x1] the algebra of poly-
nomials over k with variables x0, x1, and k〈X0, X1〉 the algebra of noncommuting polynomials with
variables X0, X1. We have a projection π : k〈X0, X1〉 → k[x0, x1] with π(X0) = x0 and π(X1) = x1. The
rule we are going to follow in this section is that X0, X1 are considered in k〈X0, X1〉 and therefore
do not commute and x0, x1 are in k[x0, x1] and so commute. Within these algebras we can consider
the nonunital algebras that have always 0 in the independent term, they will be written as k〈X0, X1〉0
(= X0k〈X0, X1〉 + X1k〈X0, X1〉) in the noncommutative case and k[x0, x1]0 (= x0k[x0, x1] + x1k[x0, x1])
in the commutative case.
The nonunital ring that will provide the example will be k[x0, x1]0. In this case, the unital exten-
sion of the ring can be considered to be k[x0, x1]. We will not use the terminology R and Rˆ given for
the general case in previous sections because these rings are well known and have a simple notation.
The set {X0, X1} is ﬁnite, therefore the set of all words over {X0, X1} is a unitary support that will
be denoted by τ . This unitary support is bigger than any other. On this support we can build the
associated module 〈〈τ 〉〉. The general construction can be seen for example in [7, p. 380] or in [8].
Before going any further with the counterexample, we are going to prove that 〈〈τ 〉〉 is a projective
generator.
Proposition 15. 〈〈τ 〉〉 is a projective generator of k[x0, x1]0-Mod.
Proof. The unitary support τ is the biggest one, therefore for any other unitary support σ we have
σ ⊆ τ and therefore the canonical epimorphism Φτσ : 〈〈τ 〉〉 → 〈〈σ 〉〉 proves that all the modules
{〈〈σ 〉〉: σ ∈ ΞU(X)} are quotients of 〈〈τ 〉〉, and therefore 〈〈τ 〉〉 is a generator.
In order to prove that it is projective, consider f : M → N an epimorphism and h : 〈〈τ 〉〉 → N any
other morphism in k[x0, x1]0-Mod. Using [7, Lemma 10], we can ﬁnd a unitary support ρ such that
τ ⊆ ρ and a morphism g : 〈〈ρ〉〉 → M such that the following diagram commutes:
M
f
N
〈〈ρ〉〉
g
Φρτ 〈〈τ 〉〉
h
But τ is the biggest possible support, therefore ρ = τ and Φρτ = Φττ = 1〈〈τ 〉〉 . 
We are in a very particular case, a ring given by polynomials and a unitary support τ that includes
all possible words. We could use the notation given in general for rings and unitary supports, but in
this case it can be simpliﬁed.
As we are already using the symbols X0 and X1, we are going to consider a second copy of the
elements X0 and X1 that will be denoted X∗0 and X∗1 and the elements of τ will be considered words
over {X∗0, X∗1}. The elements of the free k[x0, x1]-module over τ are ﬁnite sums of elements aW ∗
where a ∈ k[x0, x1] and W ∗ is a word over {X∗0, X∗1}. This free k[x0, x1]-module could be denoted
k[x0, x1]〈X∗0, X∗1〉. The module 〈〈τ 〉〉 is the quotient of k[x0, x1]〈X∗0, X∗1〉 modulo the k[x0, x1]-submodule
I generated by the relations x0X∗0W ∗ + x1X∗1W ∗ − W ∗ . For any monomial u ∈ k[x0, x1] and a word
W ∗ over 〈X∗0, X∗1〉, we will deﬁne the degree of uW ∗ as the length of u minus the length of W ∗ .
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the elements in 〈〈τ 〉〉, which makes 〈〈τ 〉〉 a Z-graded k-module.
As in the case of X0 and X1, we will use the symbols x∗0 and x∗1 to denote X∗0 + I and X∗1 + I in〈〈τ 〉〉 = k[x0, x1]〈X∗0, X∗1〉/I . As an abuse of notation, we will say that z∗ is a word over x∗0 and x∗1 when
this word is considered in 〈〈τ 〉〉.
Proposition 16. The elements {xα0 xβ1 x∗1z∗: α,β  0, z∗ word over {x∗0, x∗1}} ∪ {xβ1 x∗0z∗: β  0, z∗ word over
{x∗0, x∗1}} ∪ {xα0 xβ1 : α,β  0} are a k-base of 〈〈τ 〉〉.
Proof. The relations we have in 〈〈τ 〉〉 are x0x1 = x1x0 and x0x∗0w∗ + x1x∗1w∗ = w∗ . The commutativity
is applied if we only consider monomials xα0 x
β
1 . We have one and only one representation for any
monomial. The second relation is applied if everytime we have a product x0x∗0w∗ , we replace it by−x1x∗1w∗ + w∗ . 
Deﬁnition 17. We are going to deﬁne αi j ∈ k for (i, j) ∈ {0,1} × {0,1} as 0 if i = j, 1 if (i, j) =
(1,0) and −1 if (i, j) = (0,1). We also deﬁne (1) = 0 and (0) = 1. Using this notation, we deﬁne
Λ :k[x0, x1]〈X∗0, X∗1〉 → k[x0, x1]〈X∗0, X∗1〉 the k[x0, x1]-homomorphism such that
(1) Λ(1) = 0 for the empty word over {X∗0, X∗1}.
(2) Λ(X∗t Z∗) =
∑
U∗ X∗i X
∗
j V
∗=X∗t Z∗ αi jU
∗X∗1 X∗0V ∗ + (−1)t x(t)X∗1 X∗0 Z∗ for any word Z∗ over {X∗0, X∗1}.
The sum ranges over all possible decompositions U∗X∗i X
∗
j V
∗ of the word X∗t Z∗ where U∗ and
V ∗ are words over {X∗0, X∗1} operating by juxtaposition.
Proposition 18.With the previous notation:
(1) Λ(I) ⊆ I .
(2) There exists a unique k[x0, x1]-homomorphism λ : 〈〈τ 〉〉 → 〈〈τ 〉〉 such that the following diagram com-
mutes:
k[x0, x1]〈X∗0, X∗1〉
Λ
k[x0, x1]〈X∗0, X∗1〉
〈〈τ 〉〉 λ 〈〈τ 〉〉
(3) λ is Z-graded.
(4) Ker(λ) = k[x0, x1].
(5) λ is a monomorphism in k[x0, x1]0-Mod.
Proof. (1) We have to prove that the relations that deﬁne I map to I when we apply Λ. Consider
one of these relations
∑1
s=0 xs X∗s W ∗ − W ∗ where W ∗ is a word over {X∗0, X∗1}. We will consider two
cases:
If W ∗ = 1, then
Λ
(
x0X
∗
0 + x1X∗1 − 1
)= x0Λ(X∗0)+ x1Λ(X∗1)
= x0(−1)0x(0)X∗1 X∗0 + x1(−1)1x(1)X∗1 X∗0
= (x0x1 − x1x0)X∗1 X∗0 = 0 ∈ I.
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Λ
(
1∑
s=0
xs X
∗
s X
∗
t Z
∗ − X∗t Z∗
)
=
1∑
s=0
xsΛ
(
X∗s X∗t Z∗
)− Λ(X∗t Z∗)
=
1∑
s=0
xs
( ∑
U∗X∗i X
∗
j V
∗=X∗s X∗t Z∗
αi jU
∗X∗1 X∗0V ∗ + (−1)sx(s)X∗1 X∗0 X∗t Z∗
)
− Λ(X∗t Z∗)= 1∑
s=0
xs
( ∑
U∗X∗i X
∗
j V
∗=X∗s X∗t Z∗
αi jU
∗X∗1 X∗0V ∗
)
+
1∑
s=0
(
xs(−1)sx(s)X∗1 X∗0 X∗t Z∗
)− Λ(X∗t Z∗)
= −Λ(X∗t Z∗)= 1∑
s=0
xs
( ∑
U∗X∗i X
∗
j V
∗=X∗s X∗t Z∗
αi jU
∗X∗1 X∗0V ∗
)
+ x0x1X∗1 X∗0 X∗t Z∗ − x1x0X∗1 X∗0 X∗t Z∗︸ ︷︷ ︸
=0
−Λ(X∗t Z∗)
This sum can be divided in two parts, one in the case that U∗ = 1 and the other in the case that U∗
is not the empty word. In the ﬁrst case X∗i X
∗
j V
∗ = X∗s X∗t Z∗ implies i = s, j = t and V ∗ = Z∗ , in the
second case, U∗ = X∗s T ∗ for some other word T ∗ , then
1∑
s=0
xs
(
αst X
∗
1 X
∗
0 Z
∗ +
∑
T ∗X∗i X
∗
j V
∗=X∗t Z∗
αi j X
∗
s T
∗X∗1 X∗0V ∗
)
− Λ(X∗t Z∗)
= α0t x0X∗1 X∗0 Z∗ +
∑
T ∗X∗i X∗j V ∗=X∗t Z∗
αi j x0X
∗
0T
∗X∗1 X∗0V ∗
+ α1t x1X∗1 X∗0 Z∗ +
∑
T ∗X∗i X
∗
j V
∗=X∗t Z∗
αi j x1X
∗
1T
∗X∗1 X∗0V ∗ − Λ
(
X∗t Z∗
)
=
∑
T ∗ X∗i X
∗
j V
∗=X∗t Z∗
αi j
(
x0X
∗
0 + x1X∗1
)
T ∗X∗1 X∗0V ∗ + (α0t x0 + α1t x1)X∗1 X∗0 Z∗ − Λ
(
X∗t Z∗
)
Note that α0t x0 + α1t x1 equals −x0 when t = 1 and x1 when t = 0, and this is precisely (−1)t x(t) .
We make this replacement and expand the last summand
∑
T ∗X∗i X
∗
j V
∗=X∗t Z∗
αi j
(
x0X
∗
0 + x1X∗1
)
T ∗X∗1 X∗0V ∗ + (−1)t x(t)X∗1 X∗0 Z∗
−
∑
T ∗X∗i X∗j V ∗=X∗t Z∗
αi j T
∗X∗1 X∗0V ∗ − (−1)t x(t)X∗1 X∗0 Z∗
=
∑
T ∗X∗i X
∗
j V
∗=X∗t Z∗
αi j
(
x0X
∗
0 + x1X∗1 − 1
)
T ∗X∗1 X∗0V ∗ ∈ I.
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(3) Note that with the deﬁnition of Λ the monomial X∗t Z∗ goes to a linear combination of mono-
mials with the same degree.
(4) Clearly k[x0, x1] is in Ker(λ) because λ(1) = 0. We have to prove the other direction.
Using Proposition 16, a generic element of 〈〈τ 〉〉 can be written in a unique way as a k-linear
combination of the base
m =
∑
z∗ word
(
pz∗x
∗
1z
∗ + qz∗x∗0z∗
)+ r
where pz∗ , r ∈ k[x0, x1] and qz∗ ∈ k[x1]. The map λ is k[x0, x1]-linear and λ(r) = 0. Note that λ sends
the elements of the base to k-linear combinations of elements of the base because the only forbidden
combination is · · · x0x∗0 · · · . The element x0 can only appear in some pz∗ but in pz∗λ(x∗1z∗) we cannot
ﬁnd x0x∗0 because λ(x∗1z∗) always start with x∗1 when we apply the deﬁnition of λ.
What we want to prove is that λ(m) = 0 implies pz∗ and qz∗ are 0 for all z∗ . We are going to
suppose that m − r = 0 and we will ﬁnd a contradiction.
We are going to denote J i the set of words of length i over the elements x∗0 and x∗1. The element
m − r can be written as
t∑
i=0
∑
z∗∈ J i
(
pz∗x
∗
1z
∗ + qz∗x∗0z∗
)
The proof will be made by induction on t where t is the biggest natural number such that pz∗ = 0 or
qz∗ = 0 for some z∗ ∈ Jt .
If t = 0, then m − r = p1x∗1 + q1x∗0, therefore
0 = λ(m − r) = p1λ
(
x∗1
)+ q1λ(x∗0)
= −p1x0x∗1x∗0 + q1x1x∗1x∗0 = (−p1x0 + q1x1)x∗1x∗0
This means that p1x0 = q1x1, but q1 ∈ k[x1] and x0 divides it, therefore q1 = 0 and this implies that
p1 = 0 and this is a contradiction.
Suppose we have proved it also for t and we are going to prove it for t + 1.
The deﬁnition of λ is
λ
(
x∗s z∗
)= ∑
u∗x∗i x∗j v∗=x∗s z∗
αi ju
∗x∗1x∗0v∗ + (−1)sx(s)x∗1x∗0z∗
Note that the element u∗x∗1x∗0v∗ has the same length as x∗s z∗ , the only term that has a different length
is the last one, which increases the length by one unit. The term with highest length that appears
when we apply λ to m − r is the following term, of length t + 3,
∑
z∗∈ Jt+1
(−pz∗x0x∗1x∗0z∗ + qz∗x1x∗1x∗0z∗)= ∑
z∗∈ Jt+1
(−pz∗x0 + qz∗x1)x∗1x∗0z∗
As λ(m− r) = 0 in particular, the term of length t +3 should be 0 and then −pz∗x0 +qz∗x1 = 0 for all
z∗ ∈ Jt+1, but then x0 divides qz∗ , which is a polynomial in k[x1], therefore qz∗ = 0 and then pz∗ = 0
for all z∗ ∈ Jt+1 and this is a contradiction.
(5) The kernel of λ is vanishing because
⋂
n∈N(k[x0, x1]0)nk[x0, x1] = 0 (a nonzero element in this
intersection would have degree ∞, and this is impossible). 
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Proof. Consider the following left exact sequence in k[x0, x1]-Mod
0 → k[x0, x1] j−→ 〈〈τ 〉〉 λ−→ 〈〈τ 〉〉
We are going to denote by π0 : 〈〈τ 〉〉 → 〈〈τ 〉〉 the map such that π0(m) = x0m. This map is a
k[x0, x1]-homomorphism (because the ring is commutative).
For any m ∈ 〈〈τ 〉〉 we have that π0(λ(m)) = x0λ(m) = λ(x0m) = λ(π0(m)). Therefore, we have the
following commutative diagram, in which we can take direct limits
0 k[x0, x1]
j 〈〈τ 〉〉 λ
π0
〈〈τ 〉〉
π0
0 k[x0, x1]
j 〈〈τ 〉〉 λ
π0
〈〈τ 〉〉
π0
0 k[x0, x1]
j 〈〈τ 〉〉 λ 〈〈τ 〉〉
0 lim−→ k[x0, x1] lim−→ 〈〈τ 〉〉 lim−→ 〈〈τ 〉〉
The limit row is exact because lim−→ is exact in k[x0, x1]-Mod. We are going to prove that
lim−→ k[x0, x1] is not vanishing. This would prove that the direct limit of these monomorphisms is not a
monomorphism.
For any i ∈ N, let qi : k[x0, x1] → lim−→ k[x0, x1] be the i-th canonical morphism of this colimit.
For any polynomial p in the i-th component k[x0, x1], the class of p in the direct limit is qi(p) =
qi+1(x0p) = x0qi+1(p), and therefore it is in x0 lim−→ k[x0, x1]. This element would be 0 if and only if
for some t  0 we had that xt0p = 0, but this is possible if and only if p = 0. This proves that qi is
an injective map for all i and that x0 lim−→ k[x0, x1] = lim−→ k[x0, x1]. As consequence, this module is not
vanishing (it is k[x0, x1]0-unitary and nonzero). 
Corollary 20. k[x0, x1]0-Mod is not an abelian category.
Proof. Just use Theorem 12. 
The ring k[x0, x1]0 is a new example in which the category of ﬁrm modules is not abelian. This
example uses a different technique from the one given in [7] and builds the counterexample for
a very natural ring, this proves in particular that the nonabelianness of the category is not at all
pathological. Note also, that the strange morphism λ that we have deﬁned in this example is in
the ring of endomorphisms of a generator of the category. This ring plays an important role in the
characterization of the rings for which the category of ﬁrm modules is abelian, as was pointed out in
Corollary 14.
References
[1] J. Adámek, J. Rosický, Locally Presentable and Accessible Categories, vol. 189, Cambridge Univ. Press, 1994.
[2] F. Borcaux, Handbook of Categorical Algebra 1. Basic Category Theory, Encyclopedia Math. Appl., Cambridge Univ. Press,
1994.
J. González-Férez, L. Marín / Journal of Algebra 330 (2011) 298–313 313[3] S. Crivei, J.L. García, Gruson–Jensen duality for idempotent rings, Comm. Algebra 33 (2005) 3949–3966.
[4] S. Estrada, J. González-Férez, L. Marín, Quillen’s small object argument in the category of ﬁrm modules, J. Algebra 319 (6)
(2008) 2518–2532.
[5] C. Faith, Algebra: Rings, Modules and Categories, I, Springer-Verlag, 1973.
[6] J. González-Férez, L. Marín, The category of ﬁrm modules for nonunital monomial algebra, Comm. Algebra 36 (3) (2008)
1078–1087.
[7] J. González-Férez, L. Marín, The category of ﬁrm modules need not be abelian, J. Algebra 318 (1) (2007) 377–392.
[8] L. Marín, The construction of a generator for R-DMod, in: F. van Oystaeyen, M. Saorín (Eds.), Lect. Notes Pure Appl. Math.,
vol. 210, Marcel Dekker, New York, Basel, 2000, pp. 287–296.
[9] D.G. Quillen, Module theory over nonunital rings 1997 notes, unpublished.
[10] H. Schubert, Categories, Springer-Verlag, 1972.
[11] B. Stenström, Rings of Quotients, Springer-Verlag, 1975.
